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Abstract

In this paper we have numerically investigated the existence and uniqueness of a vertically flowing fluid passed
of a thin vertical fin in a saturated porous media. We have assumed the two-dimensional mixed convection from a fi
is modelled as a fixed, semi-infinite vertical surface, embedded in a fluid-saturated porous media under the bound
approximation. We have taken the temperature, in excess of the constant temperature in the ambient fluid on the fi
asx̄λ, wherex̄ is measured from the leading edge of the plate andλ is a fixed constant. The Rayleigh number is assumed t
large so that the boundary-layer approximation may be made and the fluid velocity at the edge of the boundary-layer is
to vary asx̄λ. The problem then depends on two parameters, namelyλ andε, the ratio of the Rayleigh to Péclet numbers
is found that whenλ > 0 (<0) there are (is) dual (unique) solution(s) whenε is grater than some negative values ofε (which
depends onλ). Whenλ < 0 there is a range of negative value ofε (which depends onλ) for which dual solutions exist and fo
bothλ > 0 andλ < 0 there is a negative value ofε (which depends onλ) for which there is no solution. Finally, solutions fo
0< ε � 1 andε � 1 have been obtained.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Over the last four decades much work has been performed on the study of mixed convection boundary-layer flo
analogous problems of mixed convection in porous media have important applications in such fields as geotherm
extraction, oil reservoir modelling, the analysis of insulating systems, food processing, casting and welding in manuf
processes, the dispersion of chemical contaminants in different industrial processes and in the environment, etc. C
flows in porous media are of vital importance to these processes, thereby generating the need for their full under
Recent books by Ingham and Pop [1], Nield and Bejan [2] and Pop and Ingham [3] on convection flows in porou
demonstrate that external convective flows have become a classical subject.

The possibility of obtaining similarity solutions for mixed convection boundary-layer flows was first considered by S
et al. [4] who showed that the boundary-layer equations could be reduced to a pair of coupled ordinary differential equa
they obtained some solutions. Furthermore, Cheng [5] investigated the mixed convection adjacent to inclined surfaces
in a porous medium using the boundary-layer approximation. Similarity solutions have been obtained for the situatio
the free stream velocity and the surface temperature distribution vary according to the same power function of the
along the surface.
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Fig. 1. Schematic diagram of the mathematical model of the problem under investigation and the co-ordinate system employe

Numerical and asymptotic solutions have been investigated for the boundary-layer equations of mixed convection
from the flow over a heated vertical or horizontal flat plate for both aiding, where the flow is directed vertically upwar
opposing situations, where the flow is directed vertically downwards, i.e., where the buoyancy and inertia forces act in
directions. However, the majority of treatments of this problem are limited to the aiding flow case, with the opposin
case having received much less attention. For the opposing flow the numerical solution breaks down and the bound
may separate from the plate – giving rise to rather unusual heat transfer characteristics. It appears that the separatio
convection flow was first discussed by Merkin [6], who examined the effect of opposing buoyancy forces on the bounda
flow on a semi-infinite vertical flat plate at a constant temperature in a uniform free stream. Furthermore, this prob
studied by Wilks [7,8] and Hunt and Wilks [9], who also considered the case of uniform flow over a semi-infinite flat pla
now heated at a constant heat flux rate. Dual solutions of the mixed convection boundary-layer equations for oppos
on a vertical surface have been studied by Wilks and Bramley [10], Merkin [11], Merkin and Mahmood [12] and Ridh
Merkin and Pop [14] obtained the similarity equations for mixed convection boundary-layer flow over a vertical semi-
flat plate in which the free stream velocity is uniform and the wall temperature is inversely proportional to the distanc
the plate.

In this paper we have investigated a vertically flowing fluid, in a fluid-saturated porous media which is maintain
constant temperature,T∞, past a thin vertical fin, which is modelled as a fixed, semi-infinite vertical surface. The tempe
of the fin, above the ambient temperatureT∞, is assumed to vary as̄xλ, wherex̄ is the distance from the tip of the fin andλ
is a preassigned constant. The Rayleigh number is assumed to be large so that the boundary-layer approximation ma
and the fluid velocity at the edge of the boundary-layer is assumed to vary asx̄λ so that a similarity solution may be obtaine
Fig. 1 schematically illustrates the mathematical model of the problem under investigation.

2. Governing equation

We assume that the convecting fluid and the porous media are isotropic, in thermodynamic equilibrium and have
physical properties, i.e., the properties of the fluid and the porous media, such as viscosity, thermal conductivity,
expansion coefficient, specific heat and permeability, are all constant. The flow is assumed to be described by Darcy
we assume that the Boussinesq approximation is valid. On using the following non-dimensional quantities:

x = x̄

L
, y = (Pe)1/2ȳ

L
, ψ = ψ̄

αm(Pe)1/2
, Θ = �T − T∞

T0 − T∞
, (1)

where x̄, ȳ are vertical and horizontal co-ordinates, respectively,L is an arbitrary length scale,Pe is the Péclet numbe
Pe=U0L/αm, whereU0 = BLλ is the reference velocity,B > 0, ψ̄ is the stream function,αm is effective thermal diffusivity
of the porous medium andT0 is the reference temperature,T0 = T∞ + |A|Lλ. Then the governing equations are given by,
Cheng and Minkowycz [15],
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whereRa is the Rayleigh number,Ra= gKβL(T0 − T∞)/(ναm) = gKβ|A|Lλ+1/(ναm), whereg is the magnitude of the
acceleration due to gravity,K is the permeability of the porous media,β is the coefficient of thermal expansion andν is the
kinematic viscosity of the fluid.

On assuming that the Péclet number is very large, the resulting temperature boundary-layer is analogous to that in
boundary-layer theory. Therefore, by lettingPe→ ∞ in Eqs. (2) and (3), we obtain the following boundary-layer equation

∂2ψ

∂y2
= ε

∂Θ

∂y
, (4)

∂ψ

∂y

∂Θ

∂x
− ∂ψ

∂x

∂Θ

∂y
= ∂2Θ

∂y2
, (5)

where the mixed convection parameterε is defined as

ε = Ra

Pe
. (6)

Eqs. (4) and (5) have to be solved subject to the boundary conditions that there is no normal velocity on the plate, the te
of the plate isT∞ +Ax̄λ and the vertical component of the fluid velocity at the edge of the boundary-layer isBx̄λ. On using
the non-dimensionlisation (1), the boundary conditions become:

ψ = 0, Θ = xλ (A > 0) or Θ = −xλ (A < 0), on y = 0, 0< x <∞, (7)
∂ψ

∂y
→ xλ, Θ → 0, asy → ∞, 0< x <∞. (8)

We seek similarity solutions of Eqs. (4) and (5), subject to the boundary conditions (7) and (8) by introducing the dimen
similarity variables:

ψ(x,y)= (
2xλ+1)1/2

f (x,η), η = y

(2x1−λ)1/2
, Θ(x, y) = xλθ(x, η), (9)

wheref is a function to be determined. Hence, we obtain

f ′ = 1+ εθ, (10)

θ ′′ + (1+ λ)f θ ′ − 2λf ′θ = 0, (11)

which have to be solved subject to the boundary conditions:

f = 0, θ = 1 (A > 0) or θ = −1 (A < 0), onη = 0, (12)

f ′ → 1, θ → 0, asη → ∞. (13)

In order to simplify the mathematical formulation whenA < 0, namely whenθ(x,0) = −1, θ is replaced by(−θ) and the
negative sign in Eq. (10) is incorporated into the parameterε. Hence, regardless of whether the vertical surface is heate
cooled, Eqs. (10) and (11) remain the same, but for the sign of the parameterε. In addition, the value ofθ(x,0) is now always
unity. Eqs. (10) and (11) can be combined to give the following single equation:

f ′′′ + (1+ λ)ff ′′ + 2λ
(
1− f ′ )f ′ = 0, (14)

which has to be solved subject to the boundary conditions

f (0)= 0, f ′(0)= 1+ ε, f ′ → 1, asη → ∞. (15)

Thus we observe that the solution of these equations depends on the two parameters, namelyλ, which comes from the surfac
temperature condition, andε, which is the ratio of the Rayleigh and Péclet numbers. It should be noted that for an isoth
surface, i.e.,λ= 0, Eq. (14) and boundary conditions (15) reduce to a problem which has been studied by Merkin [16]. F
the forced, aiding mixed and opposing mixed convection arise whenε = 0, ε > 0 andε < 0, respectively.
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A quantity of practical importance in convection problems is the heat transfer through the surface into or out of the fluid,
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(
∂�T
∂ȳ

)
ȳ=0

= −k(T0 − T∞)

L

(
x3λ+1

2

)1/2
(Pe)1/2

f ′′(0)
ε

. (16)

We now define the local Nusselt number,Nux , to be

Nux = q̄

Tω − T∞
L

k
=

(
x3λ+1

2

)1/2
(Pe)1/2

f ′′(0)
ε

. (17)

Thus one of the most important features of this problem is to study the variation off ′′(0) as a function of the parametersε
andλ. Further, it should be noted that the parameterε is positive for a heated plate and the resulting flow is called assistin
aiding), and negative for a cooled plate and the resulting flow is called opposing.

3. Numerical techniques

The NAG routine DO2HBF has been used to solve this problem. In general we have found that, for a given value ofλ, there
are two solutions for a range of values ofε, namely, there is what we refer to as an upper solution,fu, corresponding to the
largest value off ′′(0), and a lower solution,fι, corresponding to the smallest value off ′′(0), with f ′′

ι (0) < f ′′
u (0). In order to

solve the governing ordinary differential equations we have used two techniques. In the first, we fixed the value ofε and obtained
the two values off ′′(0) over much of theε space. In the second technique, we fixed the value off ′′(0) and obtained the valu
of ε in order to complete the solution for the remainder of theε space and to obtain the lower solution whenf ′′

ι (0)→ 0.

4. Results for various values of λ

There are two configurations to study, namely flows aided and flows opposed by the convection. Forλ= 0, Cheng [5] found
in the aiding situation, solutions for all values ofε, while in the opposing situation, solutions only for−1 � ε � 0. Furthermore,
Merkin [16] studied the mixed convection boundary-layer flow about a vertical flat impermeable surface embedded in a
porous medium. Merkin [16] found that the full equations have one solution in the range−1 � ε � 0 and no solution for
ε < εb1(εb1 ≈ −1.354), while for εb1 � ε < −1, there are two solutions. In addition, one of the main aims of this paper
find the exact value ofε at which the curve off ′′

ι (0) as a function ofε terminates forε < 0 whenλ� 0, since it is only when
the fluid is being cooled, i.e., in the opposing case, that such a phenomenon can prevail. Thus in this section we exten

Fig. 2. Variation off ′′(0) as a function ofε for λ= 0 andε � 0.
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Fig. 3. Variation off ′′(0) as a function ofε for λ= 0.05 and (a)−1.364� ε � 0.5 and (b)−1.364� ε � 100.

Fig. 4. Variation off ′′(0) as a function ofε for λ= −0.1 andε � 0.5.

reported by Merkin [16,11] to investigate further numerical solutions and to produce a more thorough discussion co
the velocity profiles and shear stress.

We have solved the full equations forλ= 0 and Fig. 2 shows the variation off ′′(0) as a function ofε for ε � 0. We observe
that for ε = −1 the second boundary condition of Eq. (15) equals zero and we have the solution of the Blasius probl
f ′′
u (0) = 0.4696, which is the greatest value off ′′(0). Furthermore, there is a range of values ofε, namelyεb1 � ε < −1, for

which there are two solutions, and asε → −1− then it appears thatf ′′
ι (0)→ 0.
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the results for the other values ofλ in this range are very similar. We have found that there are two solutions in the
εb2 � ε < ∞ (εb2 = −1.3640). Fig. 3 shows the variation off ′′(0) as a function ofε for εb2 � ε � 0.5. We observe that th
two solutions are negative in the range 0< ε < ∞. However, in the rangeεb2 < ε < 0 the upper solutionf ′′

u (0) is positive
while the lower solutionf ′′

ι (0) is positive in the rangeεb2 < ε < εc (εc ≈ −1.2164 wheref ′′
ι (0) = 0) and negative in the

rangeεc < ε < 0. Finally, we have evaluatedεc, εb2 andf ′′
ι (0) for λ= 0.1, 0.2, . . . and 1 and we have found thatεc andεb2

decreases, whilstf ′′
ι (0) increases, asλ increases.

For λ < 0, we have solved the full equations and Fig. 4 shows the variation off ′′(0) as a function ofε for εb3 �
ε � 0.5 (εb3 ≈ −1.3241) for λ = −0.1, which is a representative example of the results we have obtained from a
calculations performed in the range−1 � λ < 0 andεb3 � ε � 0.5. We observe that the curve appears to terminate aεt ,
whereεt ≈ −1.2222, and we were unable to obtainf ′′(0) for ε > εt . Furthermore, we found that whilst there is a uniq
solution in the rangeεt � ε < ∞, there are two solutions in the rangeεb3 � ε � εt . Althoughf ′′(0) is negative in the rang
ε > 0 and increases asε decreases untilf ′′(0)= 0 atε = 0, f ′′(0) is positive in the rangeε < 0 and increases asε decreases. In
general, we found that the solutions forλ < 0 are very different from those obtained forλ > 0, with nearly the same behavio
to those obtained forλ= 0.

4.1. Velocity profiles

In Fig. 5, forλ= 0, we observe that the lower solution goes from the left to the right asε increases and goes rapidly to un
in the outer region of the boundary-layer. Furthermore, if we increase the value ofε, then this solution remains virtually consta
over some interval ofη, the size of the interval depending on the value ofη, before going rapidly to unity. The interval ofη over
which f ′

ι (η) remains constant increases as the value ofε increases. In addition, it appears that the curves in the outer re
of the boundary-layer are virtually identical, with the value ofη∞ that we have to take to represent the location of the o
boundary for the upper solution much smaller than theη∞ of the lower solution, and theη∞ of the lower solution changing
rapidly asε increases.

Fig. 5. Profiles of the vertical component of the fluid velocity forλ = 0 andε = −1.35,−1.1,−1.05,−1.035,−1.0276,−1.0237,−1.0184,
−1.0151,−1.0128 and−1.0098, corresponding to the lower solution.
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Fig. 6. Profiles of the vertical component of the fluid velocity forλ = 0.05 and (a) ε = 0.2, 0.5, 0.7, 1 andε = −0.2,−0.4,
−0.6,−0.8,−1,−1.2,−1.3,−1.364, corresponding to the upper solution, (b)ε = 0,0.2,0.4,0.6,0.8 and 1, corresponding to the low
solution, and (c)ε = −0.1,−0.3,−0.5,−0.7,−0.9,−1,−1.1,−1.2 and−1.35, corresponding to the lower solution.

For λ > 0, the upper solutions are similar to those forλ = 0, as shown in Fig. 6(a), whilst the lower solutions are v
dependent on the value ofε, as shown in Figs. 6(b) and 6(c). Whenε > 0, the lower solutions decrease rapidly from so
positive value, cut theη-axis aroundη � 1.15, then have minimum between 1.15� η � 6.65, before returning to a positiv
value and levelling out at the value of unity. When−1< ε < 0, the lower solutions behave virtually the same, but the limit
the ranges are different and the boundary-layer thickness is greater, as shown in Fig. 6(c). However, in the rangeεb2 < ε < −1
the lower solutions appear different.

For λ < 0 andε > 0, and forλ < 0 andεb3 � ε < 0, the upper solutions are similar to those obtained by Cheng [5]
Merkin [16,11], respectively, whenλ= 0. Furthermore, forλ < 0 andεb3 � ε < εt , the lower solutions are similar to the prese
work whenλ= 0, whereεt is the largest value ofε for which a lower solution can be found at that particular value ofλ.

4.2. Shear stress

From Fig. 7, forλ = 0, we observe that forε at the lower end of the rangeεb3 < ε < −1 the shear stress increases rapi
to a maximum before returning rapidly to zero asη → η∞, whereη∞ relatively small. For values ofε nearε = −1− the shear
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Fig. 7. Variation of the shear stress as a function ofη for λ= 0 andε = −1.3,−1.125,−1.05,−1.0328,−1.0151 and−1.0098, corresponding
to the lower solution.

stress remains virtually zero over some interval ofη, the size of the interval depending on the value ofε, then it goes rapidly to
a maximum before rapidly returning to zero asη → η∞, whereη∞ is now relatively large.

Figs. 8(a)–(d) are now used to discuss the shear stress in the rangeλ > 0. Forε > 0, f ′′
u (η) is negative, with its maximum

magnitude atη = 0, and tends gradually to zero atη∞. In addition, its magnitude decreases asε decreases for a fixed value ofη.
When−1 � ε < 0, thenf ′′

u (η) becomes positive, but again with its maximum magnitude atη = 0. The shear stress reduc
gradually to zero atη∞, increasing asε decreases for a fixed value ofη. For εb2 � ε < −1, f ′′

u (η) is still positive, but now
it increases to a maximum before it gradually decreases to zero, decreasing asε decreases for a fixed value ofη. However, for
f ′′
ι (η) in this rangeλ, then whenε > 0 the shear stress increases gradually from a negative value atη = 0 to zero atη∞ through

four regions, namely fromη = 0 to η1, whereη1 ≈ 2, fromη1 until η2, wheref ′′
ι (η2)= 0, fromη2 to a maximum atη = η3,

wheref ′′′
ι (η3) = 0, before finally returning tof ′′

ι (η∞) = 0. We observe that the magnitude of the shear stress decreas
increases asε decreases in the first and fourth regions, respectively. While the magnitude of the shear stress decre
increases asε increases in the second and third regions, respectively. Furthermore, in the second region, which is
f ′′
ι (η)= 0, then all the curves are very similar. When−1 � ε < 0, f ′′

ι (η) is negative before going to zero atη∞ through three
regions, namely fromη= 0 toη4, whereη4 ≈ 3, fromη4 to a maximum atη= η5, wheref ′′′

ι (η5)= 0, before finally returning
to f ′′

ι (η∞) = 0. We observe that in the first region the shear stress is almost linear near the wall, with its gradient inc
asε decreases. Whenεb2 � ε � −1, f ′′

ι (η) increases to the maximum before decreasing to zero atη∞, where the maximum
value increases asε decreases.

For λ < 0 andε > 0, and forλ < 0 andεb3 � ε < 0, the upper solutions are similar to those obtained by Cheng [5]
Merkin [16,11], respectively, whenλ= 0. Furthermore, forλ < 0 andεb3 � ε < εt , the lower solutions are similar to the prese
work whenλ= 0.

4.3. Universal curve

From Fig. 5, we observe that the velocity profiles,f ′
ι (η), in the outer region of the boundary-layer are very similar in sh

for all values ofε close to−1. They are simply translated a certain distance in theη direction and this translated distan
increases with decreasing values ofε. Furthermore, we observe that, for values ofε close to−1, these velocity profiles ar
similar in shape, but again translated in theη direction, with the solution atε = −1 on the upper curve. Therefore we postul
that the solutions on the lower curve for large values ofη andε close to−1 are self similar to the solution obtained forε = −1
on the upper curve, i.e., they follow a universal curve in shape but not in location. Thus in this subsection we invest
similarity between the upper and the lower solutions for some values ofε nearε = −1− and also between the lower solutio



E.H. Aly et al. / European Journal of Mechanics B/Fluids 22 (2003) 529–543 537

n,

e

velocity
er
between

the
wer
n

urve as
g. 5
l curve
(a) (b)

(c) (d)

Fig. 8. Variation of the shear stress as a function ofη for λ = 0.05 and (a)ε = 0.2,0.5,0.7 and 1, corresponding to the upper solutio
(b) ε = −0.1,−0.3,−0.5,−1,−1.15,−1.2,−1.25,−1.3,−1.35 and−1.364, corresponding to the upper solution, (c)ε = 0.2,0.4,0.6,0.8
and 1, corresponding to the lower solution, and (d)ε = 0,−0.1,−0.3,−0.5,−1,−1.15,−1.2,−1.25,−1.3 and−1.364, corresponding to th
lower solution.

for some values ofε and the lower solution whenεt = ε0, whereε0 is the largest value ofε for which the numerical solution
f ′′
ι (η) can be obtained whenλ= 0.

We have translated the vertical component of the velocity from the upper solution onto the vertical component of the
corresponding to the lower solution, forε = −1.05,−1.04,−1.037 andε0. This movement of the upper solution to the low
solution as the gradient of the lower solution on the vertical surface tends to zero has indicated only a slight similarity
the upper and lower solutions whenε → −1−. Furthermore, we have translated the vertical component of the velocity from
lower solution whenε = −1.05,−1.075,−1.1 and−1.125 to the vertical component of the velocity corresponding to the lo
solution atε = ε0. This movement of the lower solutions for these values to the lower solution forε = ε0 has been undertake
in order to see whether there is any similarity between these lower solutions and the lower solution forε = ε0 whenε0 → −1−
and we have found strong similarity for the regionf ′(η)� 0.

However, it is still unclear whether the solution in the outer part of the boundary-layer establishes a universal c
ε0 → −1− for which the velocity profilef ′′

ι (0) → 0. A result that seemed likely when observing the lower solution in Fi
above the value ofη for which f ′

ι (η) remains constant over a considerable interval. The question of a possible universa
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lower solution untilfι (η2(ε))= fι (η2(ε0))= 0.5 andη2(ε)+ TD = η2(ε0). Since, regardless of the value offι (η) at which
the curves are equated, the exact limiting curvef ′

ι (η) at ε = −1 is not available. Hence, on the basis that for each valueε
there is a TD by which the lower solution can be moved to the lower solution atε = ε0, the solutions are matched atf ′

ι (η)→ 0,
and the limiting situation studied.

From Fig. 5, we observe that the curve cuts theη-axis at a point nearη∞ so we have studied the relation betweenf ′
ι and

f ′′
ι at η0, wheref (η0) = 0, in order to investigate the possibility of replacing the boundary condition at the wall by an

suitable condition which is independent of the value ofε. We have found thatf ′′
ι (η0)/f

′
ι (η0) ≈ 0.5 asε → −1−. Hence, if a

universal curve exists for the outer region of the boundary-layer asε → −1−, then this curve can be determined by solving
ordinary differential equation

f ′′′
ι + fιf

′′
ι = 0, (18)

subject to the boundary conditions

fι(0)= 0, f ′′
ι (0)= 0.5f ′

ι (0), f ′
ι → 1, asη → ∞. (19)

We have translated the vertical component of the velocity corresponding to the lower solution, which has been obtai
Eq. (18) and the boundary conditions (19), to the vertical component of the velocity corresponding to the lower soluti
the full equations whenε = −1.113,−1.063,−1.043 andε0. We have found thatf ′

ι (η) is virtually the same at these valu
of ε.

Forλ < 0, we found that the solutions behaved similar to the case whenλ= 0 and therefore we repeated all the steps wh
we had performed hitherto forλ = 0, we obtained similar results. Moreover, approaching the chosen points of transfer
we transferred the lower solutions,f ′

ι (η), for λ = −0.1 to the lower solutions forλ = 0, we found that the results virtuall
coincided abovef ′(η)= 0.5, suggesting the possibility of a universal curve which is independent ofλ.

4.4. Inner solution

Merkin [16,11] investigated the solution in the vicinity ofε = −1 and found numerically that asε → −1− thenf ′′
ι (0)→ 0.

Therefore he postulated that the variation off ′′(0) with ε terminated atε = −1 and established a theory according
Furthermore, in the inner region he found thatfι � (1+ε)η but, in the present work, we have established this result analyti
using his assumptions as follows: on using the following transformation

fι(η)= (1+ ε)Fι(η), (20)

then Eq. (14), nearε = −1, and the boundary conditions (15) become

F ′′′
ι + 2λF ′

ι = 0, (21)

Fι(0)= 0, F ′
ι (0)= 1, F ′

ι → ∞, asη → ∞. (22)

On integrating Eq. (21) once, and using the first boundary condition in (22), we obtain

F ′′
ι + 2λFι = F ′′

ι (0), (23)

which has to be solved subject to the other boundary conditions in (22). On solving equation (23) forλ= 0, using the boundary
condition (22) twice, and then substituting into equation (20), asf ′′

ι (0)→ 0, we obtain

fι(η)= (1+ ε)η. (24)

We now investigate the work of Merkin [11], who used the transformationε = −1−α whereα � 0, and found that asα → 0+
then

f ′′
ι (0)=A1 e−a2

0/2α + · · · , (25)

whereA1 is an unknown constant anda0 is a constant to be determined. Hence the value off ′′
ι (0) can be found for any

value ofα, thus avoiding the difficulty of obtainingf ′′
ι (0) numerically. Merkin [11] used the value ofa0 that was determined

numerically by Chapman [17], namelya0 = 0.8758, and calculated the quantity

Q= f ′′
ι (0)ea

2
0/2α, (26)

which should approach the constant valueA1 asα → 0. From Table 1, we observe that we were able to obtain solution
values ofα much closer to 0+ than those obtained by Merkin [16,11], who initially foundA1 ≈ 0.087 and then updated
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Table 1
Variation off ′′(0) as a function ofα for values approachingα = 0 and their corresponding

e
s

t
hin

n by
ι

values ofQ, as obtained by Merkin [11] and by the present work

Merkin [11] Present

α f ′′
ι (0) Q f ′′

ι (0) Q

0.16 1.0749× 10−2 0.1181 1.0749× 10−2 0.1179
0.14 6.8338× 10−3 0.1058 6.8338× 10−3 0.1055
0.12 3.9346× 10−3 0.0961 3.9346× 10−3 0.0959
0.10 1.9356× 10−3 0.0896 1.9356× 10−3 0.0893
0.09 1.2382× 10−3 0.0878 1.2382× 10−3 0.0875
0.08 7.2152× 10−4 0.0871 7.2152× 10−4 0.0868
0.07 3.6698× 10−4 0.0879 3.6700× 10−4 0.0875

0.0237 10−8 0.1060
0.0207 10−9 0.1069
0.0184 10−10 0.1075
0.0151 10−12 0.1082
0.0128 10−14 0.1085
0.0111 10−16 0.1086
0.0098 10−18 0.1085

Fig. 9. Variation ofQ as a function ofα for data as given by Merkin [11], witha0 = 0.8758, and the present work, witha0 = 0.8754.

to 0.083. On using the same technique as Merkin [11], we observe a value ofA1 ≈ 0.1085. However, in the present work w
obtained a more accurate value ofA1 from the values off ′′

ι (0) that are very close toα = 0+ by another technique. This involve
taking the ln of Eq. (25) to produce

ln
(
f ′′
ι (0)

) = ln(A1)− a2
0
2
α−1. (27)

On applying a least squares fit to the values of ln(f ′′
ι (0)) as a function of(α−1), we found that Merkin’s [11] values did no

produce an exact linear variation, i.e., a regression coefficientr2 = 0.9978, while for the present data the variation is, to wit
the numerical accuracy, exactly linear, i.e.,r2 = 1, even if additional values ofα are included, and therefore the values ofa0
andA1 in the present work, namelya0 = 0.8754 andA1 = 0.1085671, are an improvement compared with the values give
Chapman [17] and Merkin [11], respectively.

From Fig. 9, we observe that the curves decrease rapidly asα decreases until a minimum is obtained near(0.08,0.087),
before the curves begin to rise rapidly.
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Furthermore, we observe that the two curves are almost identical for large values ofα and they have their greatest difference
that

the

of

alue

values

g powers

, see
.

ansion in
for values ofα belowα = 0.08. This suggests that the valueA1, as obtained from the present work, is more accurate than
obtained by Merkin [11]. The above discussion suggests that using a variation ofA1 as a function ofα asα → 0+ may enable
f ′′
ι (0) to be calculated more accurately from Eq. (25) and witha0 = 0.8754, we assume the relation

A1 = a1 + a2α + a3α
2 + · · · , (28)

wherea1, a2 anda3 are constants to be determined. On using Maple, programme version 6, we found thata1 = 0.1047, a2 =
0.002 anda3 = −0.0103.

Forλ < 0, the variation off ′′(0) with ε terminates atε = −1 and the following theory validates this. We again look for
solution of the full equations nearε = −1 for λ < 0. On solving Eq. (23), subject to the boundary condition (22), forλ < 0, we
obtain

fι(η)= (1+ ε)√−2λ
sinh(

√−2λη)+ f ′′
ι (0)

2λ

[
1− cosh(

√−2λη)
]
. (29)

To investigate if expression (29) can be taken to represent the inner solution forλ < 0, we have studied the vertical component
the velocity forλ= −0.02 whereε = −1.2,−1.15 and−1.1, and also forλ= −0.1, whereε = −1.25,−1.223 and−1.2222,
corresponding to the lower solution in the range 0� η � 5 for the full equation (14) and expression (29), on using the v
of f ′′(0) obtained from the numerical solution, respectively. As the two curves are almost identical in the range 0� η � 1.5,
expression (29) may be taken to represent the inner solution forλ= −0.02 andλ= −0.1, and hence forλ < 0.

5. Solution for 0< ε � 1

We now look for a solution of Eqs. (10) and (11), subject to the boundary conditions (12) and (13), which is valid for
of ε close to zero in the following form:

f (η)=
∞∑
i=0

εifi (η), θ(η)=
∞∑
i=0

εiθi(η). (30a,b)

On substituting these expressions into Eqs. (10) and (11) and into the boundary conditions (12) and (13) and equatin
of ε, we obtain the following:

(i) The ε0 solution is given by

θ0(η)= 2s+

(
s

2
+ 1

)
is erfc

(
η√

2− s

)
, (31)

wheres is a constant defined bys = 2λ/(1 + λ), + is the gamma function and erfc is the complementary error function
Abramowitz and Stegun [18]. However, the only possible values ares = −1,0 and 1, whereλ = −1

3,0 and 1, respectively

We have numerically solved the full equations and from Eq. (33), we obtainf ′′
1 (0) = 0,−0.7979 and−1.7725 forλ = −1

3,0
and 1, respectively. As expected, these values are identical to those obtained from the first term of the asymptotic exp
expression (30b), when substitutingη= 0 in the differentiation of Eq. (31).

If λ >−1, andλ �= −1
3,0 or 1, then we have found that the general solution is given by

θ0(η)= (1+ λ)2−(5λ+1)/(4(λ+1))η−1/2 e−((1+λ)/4)η2
W(−(5λ+1)/(4(λ+1)),−1/4)

(
1+ λ

2
η2

)
, (32)

whereW is the Whittaker function, see Whittaker and Watson [19].
(ii) The εj solution(j > 0) is

f ′
j = θj−1, (33)

θ ′′
j + (1+ λ)

j∑
i=0

fiθ
′
j−i − 2λ

j∑
i=0

f ′
i θj−i = 0, (34)

which have to be solved subject to the boundary conditions:

fj (0)= 0, θj (0)= 0, (35)

f ′
j → 0, θj → 0, asη → ∞. (36)
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We require to findf ′′(0) and it is given by

e
nd that
s

o
tain

ard any of

(41),
f ′′(0)=
∞∑
i=1

εif ′′
i (0)=

∞∑
i=1

εiθ ′
i−1(0). (37)

We have studied the variation off ′′(0) as a function ofε for −1.4 � ε � 2 whenλ = −0.1, 0 and 0.1, respectively, for th
full numerical solution of Eq. (14) and for 1, 2, 3, 5 and 10 terms of the expansion (30a). As we would expect, we fou
increasing the number of terms in the expansion (30a) increases the range of values ofε for which the series solution (30a) give
accurate values off ′′(0). Finally, we have studied the numerically obtained values off ′′

i (0)= θ ′
i−1(0), i = 1,2, . . . ,9,10 for

λ= −0.1, 0 and 0.1. We found that the values of|f ′′
i (0)| decrease asi increases and fori large then the ratio|f ′′

i+1(0)/f
′′
i+2(0)|

is about 0.5 and this is the reason why reasonably accurate results may be obtained forf ′′(0) andθ ′(0) up to values ofε ≈ 2.

6. Asymptotic solution (ε � 1)

Fig. 3(b) shows the variation off ′′(0) as a function ofε for λ = 0.05 and−1.364� ε � 100. We observe that the tw
solutions,f ′′

u (0) andf ′′
ι (0), are very similar for large values ofε. We now seek a new set of full equations which do not con

ε on using the following transformation

f (η)= η+ εϑH(ζ ) whereζ = εγ η, (38)

whereϑ andγ are constants to be determined. On substituting expressions (38) into Eq. (14), we obtain

ε2γH ′′′ + (1+ λ)εγ ηH ′′ + εϑ+γ
[
(1+ λ)HH ′′ − 2λH ′2] − 2λH ′ = 0. (39)

In order to ensure that the highest derivative remains present in the resulting equation, so avoiding the need to disreg
the boundary conditions, we look for a balance within the equation of this term, see Holmes [20]. Hence we obtainϑ = γ = 1

2.
Therefore, whenε → ∞ we obtain the following new set of full equations

H ′′′ + (1+ λ)HH ′′ − 2λH ′2 = 0, (40)

H(0)= 0, H ′(0)= 1, H ′ → 0, asζ → ∞. (41)

Fig. 10. The variation of log(|f ′′(0)|) as a function of log(ε). The dashed line is the solution of Eq. (40), subject to the boundary conditions
for λ= 0, λ = 0.1 andλ = −0.4, while the solid line is the solution of Eq. (14), subject to the boundary conditions (15), forλ= 0, λ= 0.1
andλ= −0.4.
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Furthermore, the relation betweenf ′′(0) andH ′′(0) is given by

lue of

re
ll

vertical
n which a

ppears
elocity

se
ue
at the
ll

s of

d using
er of terms

nd

e

e of the
l points to

l and

reak
nge of
f

er.
general

.

tructive
f ′′(0)= ε3/2H ′′(0). (42)

The boundary conditions (41) do not containε and thus, on solving Eq. (40) subject to these conditions, we obtain a va
H ′′(0) which is independent ofε. Then on using the relation (42), we obtain the value off ′′(0) for any value ofε � 1.

From Fig. 10, we observe that the accuracy of the two solutions increases as log(ε) increases until the two curves a
graphically almost indistinguishable for large values ofε, sayε > 100. So for large|ε| we can replace the solution of the fu
equations with the solution of Eq. (40), subject to the boundary conditions (41), which are independent ofε.

7. Conclusions

In this paper we have investigated the problem of a thin vertical fin, which is modelled as a fixed, semi-infinite
surface which is embedded in a fluid-saturated porous media which is maintained at a constant temperature, and i
vertical free stream is flowing. For the numerous situations we have considered, we made the following conclusions:

(i) For λ= 0 andε < 0, we have obtained numerical solutions very close to the point where the numerical solution a
to terminate, i.e., nearε = −1. Thus we have been able to discuss in more detail than Merkin [16] was able to, the v
profiles and the shear stress. In particular, Merkin [16,11] found numerically that asε → −1− thenf ′′

ι (0)→ 0 and, in the inner
regionfι � (1+ ε)η, but we have found this result analytically, using his assumptions.

(ii) For λ > 0, we have found that, for a given value ofλ, there are, over a range of values ofε, two solutions. We have
studied the variation off ′′(0) as a function ofε, the velocity profiles and the shear stress for−1.3640� ε <∞ for λ= 0.05.
For other values ofλ, we have found that results obtained show a very similar behaviour as forλ = 0.05. In this case the
numerical solution does not terminate.

(iii) For λ < 0, we have found that, for a given value ofλ, there are two solutions which are very different from tho
obtained forλ > 0. Unfortunately, the solution appears to terminate at a value ofε and we were numerically unable to contin
the lower solution after this value ofε. On investigating the possible existence of a universal curve, we have found th
results suggest the possibility of a universal curve which is independent ofλ. Finally, we have solved analytically the fu
equations nearε = −1 and we have concluded that this solution may be taken to represent the inner solution.

(iv) For 0< ε � 1, we have found the solution for the orderε0, which is restricted to some certain values ofλ. Furthermore,
we have compared the value ofθ ′

0(0) as obtained from the numerical solution and the analytical solution at these valueλ
and we have found that they are virtually indistinguishable. In addition, we have obtained the general expression forθ0. For the
orderεj (j > 0) terms, we have compared the results obtained for the full numerical solution with the results obtaine
various number of terms in the series solution expansion and we have found, as expected, that increasing the numb
in the expansion increases the range of values ofε for which the series solution gives accurate predictions off ′′(0).

(v) Forε � 1, we have introduced a new governing equation and boundary conditions which do not containε in the limit as
ε → ∞. On comparing the values of log|f ′′(0)| as a function of log(ε) as obtained from the solution of the full equations a
the new equation, we have found, as expected, that the accuracy of the two solutions increases as log(ε) increases until the two
curves are graphically almost indistinguishable for large values ofε. Therefore for large|ε| we can replace the solution of th
full equations by the new equation which are independent ofε.

Finally, although we have taken a very idealised model of a fin, the results obtained in this investigation indicate som
issues that must be addressed when investigating fins of more realistic orientation and thickness. The main practica
note are as follows:

(a) For aiding flows, i.e.,ε > 0. If λ > 0, then there are two solutions and the upper solution is likely to be the physica
stable solution. However, ifλ < 0 there is only one solution.

(b) For opposing flows, i.e.,ε < 0. As expected, if the opposing flow is too large then the boundary-layer theory will b
down and we will obtain no solution. In this case we have to solve the full elliptic equation. However, there will be a ra
small negative values for which it may be possible to obtain either two solutions(λ≷ 0) or no solution for a range of values o
ε and two solutions in another range of values ofε(λ≷ 0).

(c) The asymptotic analytical solutions presented in Sections 5 and 6 can be used for predecting the Nusselt numb
In summary, the governing equations and boundary conditions that we have derived for this fin problem are more

than those considered by other authors and therefore our analysis is applicable to a large range of physical situations
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